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Abstract-we are concerned with the discrete right-focal boundary value problem A3z(t) = 
f(t, z(t + l)), z(ti) = Az(tz) = A2z(ts) = 0, and the eigenvalue problem A3z(t) = Xa(t)f(z(t + 1)) 
with the same boundary conditions, where tl < t2 < t3. Under various assumptions on f, a, and X, 
we prove the existence of positive solutions of both problems by applying a fixed-point theorem. 
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1. INTRODUCTION 
In this paper, we are concerned with the existence of positive solutions to the discrete third-order 
three-point eigenvalue problem 
A3z(t) = Xa(t)f(z(t + l)), for all t E [tl, t3 - 11, 
x(tt) = Az(tz) = A2z(t3) = 0, 
(1) 
and the boundary value problem 
A”+) = f(t, x(t + l)), for all t E [tl,t3 - 11, (2) 
s(tl) = Az(tz) = A2z(t3) = 0, (3) 
where f : W + Iw is continuous, f(z) L 0 for x 2 0, with [qb] := {a,~ + 1,~ + 2,. . . ,b}. A 
solution of (2),(3) is nonnegative on [tl , t3 + 21, nondecreasing on [tl, tz], and nonincreasing on 
[tz, t3 + 21. In this discrete case, conditions on f were imposed to yield at least three positive 
solutions applying the Leggett-Williams fixed-point theorem [l] and its generalization, the so- 
called five functionals fixed-point theorem [2]. On the unit interval, the continuous third-order 
three-point right-focal case was introduced in [3], while Davis et al. [4] covered the nth-order 
two-point right-focal eigenvalue problem. 
The literature on positive solutions to boundary value problems is extensive; for a small sam- 
pling, see [5-121. Agarwal et al. [5] give a good overview for much of the recent work which has 
been done and the methods used. 
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2. EIGENVALUE INTERVALS 
Consider the nonlinear discrete right-focal eigenvalue problem 
A3x(t) = Xa(t)f(x(t + I)), t1<t<t3-1, (4 
x(h) = A+) = A22(t3) = 0, (5) 
where tl < t2 < t3 are distinct integers. The corresponding Green’s function for the homogeneous 
problem A3x(t) = 0 satisfying the boundary conditions (5) is given [13] by 
G(t, s) = 
s E [t1,t2 - 11, 
{ 
;(t-t1)(2s-t-t1+3), t<s+1, 
$3 - t1 + 2p, tzst1, 
k(t - t1)(2t2 -t - t1+ l), 
(f-3 
s E [tz - 1,t3 - 11, 
1 f(t - t1)(2t2 - t - tl + 1) + i(t - s - l)(2). 
Recall the so-called discrete factorial notation t(j) := t(t - 1) . . . (t - j + 1). 
REMARK. By [13], if t2 - tl - 1 > t3 - t2, 
G(tz,s) L G(t,s) > 0, 
for t E (tl, ts + 21, s E [tr, t3 - 11. Thus, throughout this paper, we assume that 
t2 - t1 - 1 > t3 - t2. 
Furthermore, we have the following assumptions. 
(Al) u(t) is a nonnegative function defined on [tl, t3 - l] satisfying 
t3-1 
0 < c G(t2, sb(s) < 00, 
s=t1 
where, using (6), 
i(s - t1 + 2)(2), s E [tl,t2 - 11, 
G(t2, s) = 
(A2) f : [0, oo) + [O,oo) is continuous such that both 
f(x) fo := Lnl+ z and fm := lim l.@l z-00 x 
exist. 
LEMMA 1. For all t E [tl,t3 + 21 and all s E [tl, t3 - 11, 
where 
g(t)G(tz, s) I G(t, s) I G(tz> s), 
g(t) := min 
{ 
t -t1 q-t+2 
- 
t‘J - t1’ t3 - t2 + 2 > . 
(7) 
(8) 
(9) 
(10) 
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PROOF. As noted in the preceeding remark, we have from 1131 that G(t,s) 5 G(tz,s) for all 
t E [tl, t3 + 21, s E [tl, t3 - 11. For the lower bound, we proceed by cases on the branches of the 
Green’s function (6). 
(i) tr I t 5 sfl 5 t2. Here G(t, s) = (1/2)(t-t,)(2s-t-tl+3), G(tz, s) = (1/2)(s-tl+2)(2). 
For these t, s, we have 
(s - t1 + 2)(2) I s - t1 + 2 2 2s - t _ t1 + 3, 
t2 - t1 
which implies 
G(tz, s) L G(t, s). 
(ii) tl 5 s 5 t - 1 5 t2 - 1. Since’G(t, s) = (1/2)(s - tl + 2)c2) = G(t2, s) and t < t2, it follows 
that 
G(t2, s) I G(t, s) 
(iii) tl I s 5 h - 1 15 t - 1 5 t3 + 1. As in Case (ii), G(t, S) = (;/a)(~ - tl + 2)C2) = G(t2, s); 
as t E [t2, t3 + 21, we have 
(tz3 
G(tz, s) I G(t, s). 
(iv) tl I t i t2 5 s + 1 < t3. In this case, G(t,s) = (1/2)(t - t1)(2t2 - t - tr + 1) and 
G(t2, s) = (l/2)(& - tl + 1) (2). Simplification of terms verifies 
( > s G(t2,s) I G(t,s). 
(v) t2 I t L s + 1 < t3. As in (iv), G(t, s) = (1/2)(t - tl)(2tz - t - tl +- 1) and G(t2, S) = 
(1/2)(t2 - tl + 1)c2). Define 
w(t) := f(t - Q(2t2 -t - tl + 1) - - ; (t”,“_~2++2,)(tz-tl+l)(2) (11) 
=G(t,s) - (;;-;2;;) G(tz,s). 
Now W(t2) = 6, Aw(t2) = w(tz + 1) > 0, and w(t3 + 2) = G(t3 + 2, s) > 0 by (7). Since w 
is concave down, w(t) > 0 on [tz, t3 + 21, and hence 
(vi) t2 I s + 1 i t 5 ts + 2. Note that G(t2,s) = (1/2)(t2 - tl + 1)c2), while G(t,s) = 
W)(t - t1pt2 - t - t1 + 1) + (1/2)(t - s - l)(2) 2 (1/2)(t - Q(2t2 - t - tl + 1); 
consequently, the employment of w as in (11) yields 
(tz?J G(t2, s) I G(t, s). I 
To establish eigenvalue intervals, we will employ the following tied-point theorem due to 
Krasnoselskii [ 141. 
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THEOREM 1. Let E be a Banach space, K C E be a cone, and suppose that Q1, Qa are bounded 
open balls of E with 0 E 01 and fil c Rz. Suppose further that A : K n (f& \ 0,) -+ K is a 
completely continuous operator such that either 
6) llA4l I II4I, u E K n 6~ 1, and llA4 2 (Fuji, u E K n 632, or 
(ii) llA~ll 2 IIuII, u E K n SJ I, and /IA4 I Ilull, ‘1~ E K n dR2 
holds. Then A has a fixed-point in K n (0, \ ill). 
Let B = {ZC 12 : [tl,t3+2] + R} denote the Banach space with norm ~~z~~ = supt~[tl,tS+21 Ix(t)l. 
Define the cone P c B by 
P = {x E B : x(t) L g(qII41, t E [t1,t3 + q, 
where g is given in (10). Let h E (0, t3 - t2 - 1) be chosen such that 
tz+h 
c G(tz,s)a(s) > 0. 
ad-h 
(12) 
For h as in (12), set 
u(h) := l- 
hfl 
t3 - t2 + 2. 
THEOREM 2. Suppose (Al) and (A2) hold. Then for each X satisfying 
1 1 
tz+h <A< tg-1 , 
fmu(h) C Wa,sMs) fo C G(h, ~14s) 
s=ta-h s=t1 
there exists at least one solution of (d),(5) in P. 
PROOF. Let X be as in (14) and let E > 0 be such that 
1 
tz+h 5x5 
1 
tg-1 
(fee - CMh) s=Eh%444 (fo + 4 C Wz,sMs) s=t1 
(13) 
(14) 
(15) 
Since X(Z) is a solution of (4),(5) if and only if 
t3-1 
x(t) = X c W, sb(s)f(x(s + I)), t E [t1,t3 + 21, 
s=t1 
we define the operator T : P + B by 
ts-1 
(TX)(~) := X c G(t, s)4s>f(x(s + I)), x E P. (16) 
s=t1 
We seek a fixed-point of T in P by establishing the hypotheses of Theorem 1. First, if x E P, 
then by (9) we have 
t3-1 
IlTxll =A c G(tz,s)a(s)f(x(s+ 1)) 
s=t1 
and 
(TX)@) = X c W, sb(s)f(xc(s + 1)) 
ts-1 
> Xg(t) c G(~~,s)~(s)~(x(s+~)) 
S&l 
= s(w4I~ 
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Therefore, T : P -+ P. Moreover, T is completely continuous by a typical application of the 
Ascoli-Arzela theorem. 
Now consider fo. There exists an HI > 0 such that f(z) 5 (fo + 6)~ for 0 < z 5 HI by the 
definition of fo. Pick z E P with 11~11 = HI. Using (9), we have 
t3-1 
(TX)(t) = X c G(t, sb(s)fMs + 1)) 
s=t* 
t3-1 
5 Wo + WI c G(tz, Sk(s) 
s=t, 
5 ll4l T 
from the right side of (15). As a result, IlTxll < IIzll. Thus, take 
f-21 := {x E B : ~~x~~ < HI} 
so that IITcEII 5 llxll for x E P n aR1. 
Next consider f,. Again by definition there exists an Hz > HI such that f(z) 2 (foe - E)X 
for z 2 Hz. If x E P with ljzll = Hz, then for s E [t2 - h, t2 + h], where h is as in (12) and u(h) 
as in (13), we have 
z(s + 1) L g(s + 1)llq = g(s + 1)Hz L g(t2 + h + l)H2 = 4h)H2. 
Define R2 := {CC E B : IIzlI < Hz}; using (17), we get 
h-1 
(17) 
IIWI = X c W2, sMsLfb4s + 1)) 
tz+h 
2 X c Wz, s)4s)f(x(s + 1)) 
s=tz-h 
tz+h 
2 X(L - 6) c G(h, s)a(s)x(s + 1) 
s=tz-h 
tz+h 
2 Woo - +(h)Hz c G(tz, sb(s) 
2 H2 
= II47 
s=tz-h 
where the penultimate line follows from the left side of (15). Hence, we have shown that 
IIWI 2 II4I~ xEPflxl2. 
An application of Theorem 1 validates the conclusion of the theorem. 
THEOREM 3. Suppose (Al) and (A2) hold. Then for each X satisfying 
1 1 
tz+h <A< tz-1 1 
fou(h) C G(tz> sb(s) fm C G(tz,sb(s) 
s=ts-h s=t1 
there exists at least one solution of (4),(5) in P. 
PROOF. Let X be as in (18) and let 7 > 0 be such that 
1 1 
tz+h 5x5 t3-1 
(fo - rl)u(h) C G(tz, sb-4~) (fm + d C Gh s)u(s) 
I 
(18) 
(19) 
s=tz-h 
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Let T be the completely continuous, cone-preserving operator defined in (16). We seek a fixed- 
point of T in P by establishing the hypotheses of Theorem 1. 
First, consider fe. There exists an Hi > 0 such that f(z) 5 (fo - 7)~ for 0 < 3: 5 Hi by the 
definition of fo. Pick 2 E P with jlzll = Hi. F or s E [tz -h, t2 + h], where h is as in (12) and u(h) 
as in (13), we have 
5(s + 1) > g(s + 1)11zq = g(s + 1)Hl 2 g(t2 + h + 1)Hl = u(h)H1. W) 
Using the left side of (19) and (20), we get 
ta-1 
IlTxll = X c G(t2, s)a(s)f(x(s + 1)) 
S=tl 
tz+h 
> A c G(tz, sMs)f(x(s + 1)) 
s=tz-h 
tz+h 
> x(1-0 - 7) c G(h sb(sh(s + 1) 
s=tz-h 
tz+h 
> Wo - vMh)Hl c G(t27 sb(s) 
> HI 
= IIXII. 
s=tz-h 
Therefore, llTxl[ > IIxlI. This prompts us to define 
R1 := {x E B: llxll <HI}, 
whereby our work above confirms 
IPII 2 Il4I, XEPrlxl1. 
Next consider foe. Again by definition there exists an B2 > HI such that f(x) 5 (foe + 77)~ 
for 2 2 g2. If f is bounded, there exists M > 0 with f(z) < M for all zr E (0, co). Let 
tg-1 
2Hz, XM 1 G(t2, s)u(s) . 
If x E P with IIxlI = Hz, then we have 
c-1 
IlTzll = X c G(t2, sMs).Ms + 1)) 
I AM c G(h sb(s) 
s=t1 
I H2 
= lb-II. 
As a result, llTxll 5 ~~x~~. Thus, take 
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so that ]]Tx]] 5 )]z)( f or 2 E P n a&. If f is unbounded, take Hz := max{ZHr,B2} such that 
f(x) < f(Hz) for 0 < z 5 Hz. If z E P with ]]x]] = Hz, then we have 
ts-1 
IIWI = J+ c G(t2, sb(s)fbds + 1)) 
s=t1 
t3-1 
s=t1 
t3-1 
I Wm + 77W2 c Wz, s)4s) 
s=t1 
I H2 
= 11417 
where the penultimate line follows from the left side of (19). Hence, we have shown that 
IWI I Ilxllr xEPnX12, 
if we take 
R2 := {x E I3 : IIxlI < Hz}. 
Once again an application of Theorem 1 validates the conclusion of the theorem. I 
3. EXISTENCE OF ONE POSITIVE SOLUTION 
In the remaining sections, we are concerned with proving the existence of positive solutions of 
the discrete third-order three-point right-focal boundary value problem 
A”%(t) = f(t, x(t + 1)) for all t E [tl, t3 - 11, 
with boundary conditions 
x(tl) = Ax(t2) = A2x(ts) = 0 
as in (3), where f : W -+ Iw is continuous, f nonnegative for x > 0. Defined on [tl, t3 + 21, the 
solutions of (2),(3) are the fixed points of the operator A defined by 
t3-1 
Ax(t) = c G(t, s)f(s, 4s + I)), 
.T=t, 
where G(t, s) is the Green’s function (6) for the homogeneous problem A3x(t) = 0 satisfying the 
same boundary conditions (3). In the following discussion, we will need the constants 
t3-1 
k-l := c G(tz, s) = ;(t2 - tl + 1)(2)(3t3 - 2t2 - tl + 2) (21) 
s=t1 
and tz+h m-l := u(h) c G(hS) 
s=tz-h 
= T [(tz - tl + 1)(2)(t2 - tI + 3h + 5) - (tz - tl _ h + 2)W] 
Then the growth restrictions on f which will yield the existence of positive and multiple solutions 
are as follows. 
(Cl) There exists a p > 0 such that f(t, x) 5 kp for t E [tl, ts - l] and 0 5 z 5 p. 
(C2) There exists a q > 0 such that f(t,x) 2 mx for t E [t2 - h, t2 + h] and qu(h) 5 x < q, for 
h E (0, t3 - t2 - 1). 
Many of the following proofs use techniques employed in [15]. 
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THEOREM 4. Suppose there exist positive numbers p # q such that Condition (Cl) is satisfied 
with respect to p and Condition (C2) is satisfied with respect to q. Then (2),(3) has a positive 
solution x such that jlxll lies between p and q. 
PROOF. This time we take the cone to be 
P := {x E B : x(t) 2 u(h)llxll, t E [t2 - h, t2 + h]} ) 
where u is given in (13). For t E [t2 - h, t2 + h] and x E P, 
t,-1 
Ax(t) = c G(t, s)f(s, 4s + 1)) 
s=t, 
t,-1 
2 g(t) 1 G (h s) f(s, 4s + 1)) 
s=tl 
= !&)llA~ll 
2 g (tz + h) II-WI 
= ‘LL(h)llA~ll) 
so that A(P) c P. 
Without loss of generality, we may assume 0 < p < q. Define open balls 
R, = {x E B : llxll < p} 
and 
cl, = {x E a : ~~x~~ < q}. 
Then 0 E 0, c Q,. For x E P n dR, so that llxll = p, we have 
t3-1 
IlAx = c G(t2, s)f(s> 4s + 1)) 
s=t1 
t3-1 
5 kp c G(tz, s) 
s=tl 
P 
= 1141~ 
using (Cl) and (21). Thus, llAzll 5 l/x() for z E P n d$,. 
Similarly, let z E P n 6X&,, so that ~~z~~ = q. Then 
sE[tplptz+hI x(s + 1) 2 11414~)~ 
since g(t2 + h + 1) < g(t2 + h) 5 g(t2 - h) for all h E (0, t3 - t2 - l), g as in (lo), u(h) as in (13). 
As a result, qu(h) 5 x(s + 1) 5 q for s E [t2 - h, t2 + h], and we have 
t,-1 
IlAxll = c G(tz, s)f(s, 4s + 1)) 
S=tl 
tz+h 
> c G(t2, s)f(s,x(s + 1)) 
s=tz-h 
tz+h 
> m c G(tz, s)x(s + 1) 
s=tz-h 
24 
= II41 
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by (C2) and (22). Consequently, IIAxjI 2 11~11 f or x E P n ds2,. By Theorem 1, A has a fixed-point 
x~Pn(i-=&\R,), h’h w K is a positive solution of (2),(3) such that p 5 ]]z]] 5 q. I 
Define, for t E [tl, t3 - 11, 
fo(t) := hl+ q, f?&(t) := )ir +. (23) 
COROLLARY 1. The boundary value problem (2),(3) h as a positive solution provided either 
(C3) .fo(t) < k for t E [tl, ts - l] and fm(t) > m/u(h) for t E [tz - h,t2 + h], or 
(C4) fo(t) > m/u(h) for t E [tz - h, tz + h] and fm(t) < k for t E [tl,t3 - 11, 
where u(h) a.s in (IS), k as in (211, m as in (22), fc and fm as in (23). 
PROOF. First assume (C3) holds. Then, there exist sufficiently small p > 0 and sufficiently large 
q > 0 such that 
fk xl < k 
x -- 
t E [t1,t3 - 11, 0 <z L p, 
and 
f(t, x) > m - - 
X - u(h)’ 
t E [t2 - h,t, + h], x L qu(h). 
Then 
f(t,x:) I kx I kp, tE[tl,t3--], O<XlP, 
and 
f(t,xC) 2 $+ 2 w, t E [t2 - h, t2 + h], p(h) 5 x I q. 
In particular, both (Cl) and (C2) hold, so that by Theorem 4, (2),(3) has a positive solution. 
Next assume (C4) holds. Then there exist 0 < p < q so that 
f(t,x> > m - - 
t E [tz - h, t2 + h], 0 < 2 < p, 
2 - u(h)' 
tE [t1,t3-11, x 2 q. 
(24) 
(25) 
From (24)) we have 
f(t,x) L $fg L v, t E [t2 - h, t2 -t h], P(h) I x I P, 
satisfying (C2) with respect to p. 
Now consider (25); we wish to show that (Cl) is satisfied. To that end, consider the two cases: 
(i) f(t,x) is bounded, or 
(ii) f(t,x) is unbounded. 
CASE (i). Suppose there exists N > 0 such that f(t,x) < N, for t E [tl, t3 - l] and 0 < x < 03. 
By (25), there is an F > max{q, N/k} suchthatf(t,x)SNIkrfortE[ti,ts-l]andO<x<r. 
Thus, (Cl) is satisfied with respect to T. 
CASE (ii). If f is unbounded, there exist to E [tl,t3 - l] and T* > q such that f(t,x) 5 f(to,r*) 
for t E [tl,t3 - l] and 0 5 x 5 r*. Then, f(t,x) 5 f(tO,r*) 5 kr* for t E [tl,t3 - l] and 
0 5 x 5 r*, whence (Cl) is satisfied with respect to r*. 
Thus, in both Cases (i) and (ii), Condition (Cl) is satisfied, and Theorem 4 yields the conclu- 
sion. I 
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4. EXISTENCE OF TWO OR MORE POSITIVE SOLUTIONS 
In this section, we show that any number [15] of positive solutions of (2),(3) can be obtained 
when appropriate combinations of assumptions like (Cl)-(C4) are imposed on f. We begin the 
pattern by establishing the existence of at least two positive solutions. 
THEOREM 5. The boundary value problem (2),(3) h as at least two positive solutions, x1 and x2, 
if (Cl) is satisfied for some p > 0 and, in addition, both 
h(t) I=- g+ t E [t2 - h,tz + h], and fmW > $J, t E [t2 - h, t2 + h]. (26) 
PROOF. Somewhat along the lines of the proof of Corollary 1, there exist 0 < pl < p < pz for 
which 
f(4 x) 2 mP1, t E [tz - fht2 + h], PlU(h) I x i Pl 
and 
f&x) 2 mP2, t E [tz - fht2 + h], P24h) 5 x I Pa. 
By Theorem 4, there exist solutions x1 and 22 of (2),(3) satisfying 0 < pl < ljxlll < p < 
11~211 < Pa. I 
In a completely analogous manner, the next result is also obtained. 
THEOREM 6. The boundary value problem (2),(3) h as at least two positive solutions, x1 and x2, 
if (C2) is satisfied for some q > 0 and, in addition, both 
fop) < Ic, t E [t1,t3 - 11, and fco@) < k, t E [t1,t3 - 11. (27) 
Moreover, 0 < IIxclll < q < ~~~2~~. 
To understand the way in which an arbitrary number of positive solutions are obtained, we 
state an existence result for at least three positive solutions. 
THEOREM 7. (See [15].) Suppose Condition (C3) ( or, respectively, Condition (Cd)), is satisfied, 
and suppose there exist 0 < pl < p2 such that (Cl) h o Id s with respect to p = p2 (respectively, 
with respect to p = pl), and (C2) holds with respect to q = pl (respectively, with respect 
to q = ~2). Then, the boundary value problem (2),(3) has at least three positive solutions, x1, 
52, and 23, satisfying 0 < IIx111 < PI < IIx211 < ~2 < 11~311. 
We now state sufficient conditions under which there are n positive solutions of (2),(3) for any 
n E N; the theorems are in terms of whether n is odd or even. 
THEOREM 8. (See (151.) Pick any j E N, and set n = 2j + 1. Suppose Condition (C3) (or, 
respectively Condition (C4)) is satisfied, and suppose there exist 0 < pl < ... < p,-1 such 
that (C2) (respectively, (Cl)) h o Id s with respect to pzi- 1, 1 5 i < j, and (Cl) (respectively, (C2)) 
holds with respect to psi, 1 5 i 5 j. Then, the boundary value problem (2),(3) has at least n 
positive solutionsxl, x2,. . . , xn satisfying0 < llx~ll <PI < llx2II < p2 < a*. < llxn-~ll <h-l < 
Ilxnll. 
THEOREM 9. (See (151.) For any j E N, set n = 2j. Suppose (26) (or, respectively, (27)) is 
satisfied, and suppose there exist 0 < pl < . . . < p,-1 such that (Cl) (respectively, (C2)) holds 
with respect to ~~~-1, 1 5 i 5 j, and (C2) holds (respectively (Cl) holds), with respect to pai, 
1 5 i 5 j - 1. Then, the boundary value problem (2),(3) has at least n positive solutions, 
Xl, 22,. . . I 5, satisfying0 < 11x1)1 <pl < IIx211 < pz < ... < IIxn-llt <p,-i < /Ix,I(. 
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